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597. 


ON A DIFFERENTIAL EQUATION IN THE THEORY OF ELLIPTIC 
FUNCTIONS. 


[From the Messenger of Mathematics, vol. Iv. (1875), pp. 110—113.] 


THE differential equation 
VOLE ee dQ 
@-Q(k+ j)-3-80- O 


considered ante, p. 69, [594, this volume, p. 244], belongs to a class of equations trans- 
formable into linear equations of the second order, and consequently is such that, 
knowing a particular solution, we can obtain the general solution. 


In fact, assuming 
dz 


Q=-301-&) 55 


> 


x 


the equation becomes 


9(1—Kpt zG i) +30 - ~ he) (t+ iS 3 


la ld 1d 
=3(1-) {3 -15 oe + 62 AT -e To 


viz. omitting the terms in = AFA which destroy each other, and dividing by 3(1—%*), 


this is ; r 
1 dz 1 _¢,1 de 1 dz 
(+i) n Bos me PBS A 
or finally 
dz 1—5k dz i 


aU gen Ge eee? Te 
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But knowing a particular value of Q we have 


r= exp. f- f: ant 


a particular value of z, and thence in the ordinary manner the general value of z, 
giving the general value of Q. 


The solution given in my former paper may be exhibited in a more simple form 
by introducing, instead of hk, the variable @ connected with it by the equation 


P ae (2 +a) y $ i 
a ge . We have in fact, Fundamenta Nova, p. 25, [Jacobi’s Ges. Werke, t. L, 
p. 76], 

seater 2 
w=a4 > aS ? 
1+ 2a 


viz. these expressions of u, v in terms of the parameter a, are equivalent to, and 
replace, the modular equation u*—v*+ 2uv (1 —w*v?)=0. We thence obtain 


a(2+aye #8 (2+a) 
(L+ 2a}? wœ a2(1+2a)’’ 


2+ z) J 1 2+4 i 
w= vonl E i ae <= (a) Nies REF Ja 
and the particular solution, Q = a + 2uv, becomes 


Q= Jo VC + Ba. 2 +), =,/{5+2(a+5)I. 


Introducing into the differential equation « in place of k, this is found to be 


nte+2 (= +a) dQ 
rey aE ETE ALP Fe a-a), /{5+2( Ep N. 


/{5+2(2+5)} 


But from this form it at once appears that it is convenient in place of a to introduce 


uw = 
that is; 


the new variable £, me the equation thus becomes 


2 bates res Be a 


satisfied by Q=1/(5+28); or, what is the same thing, writing 5+28 =y, that is, 
B=—4+y9, the equation becomes 


1g +2 (8 + 6y- = yt) = 12 == -D-9 e, 
satisfied by Q= y. 
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Writing here 
i 1 dz 
eek AU ciel Wale DS ay’ 


we have for z the equation 


az dz 48 
-1 — 9) — + (89 — 144° + 3) — -_ ——_._——_.. z= 0, 
satisfied by 
_(¥—-9\t 
a (7 =): 
[In fact, this value gives 
sei — OMe 1), 
dz x z 
A d AAA a T 
d?z R AAR ix 
dys (— 12rt + Bio? + 86) (7 — 9) Fy? -1)-# 
which verify the equation as they should do.] 
Representing for a moment the differential equation by A Tat Be +Cz=0, and 


putting z,= (G= ay then assuming z= 42, Í ydy, we find 


d dz 
A(z yt Y ay !) + By, =0, 
that is, 
Pepe a ty A. 
viz, 
1 dy | 2dz, | 3y — 144° +3 =0, 
y dy” ady -D-9 
or 
O , 2 dz, 1 15 
~~ +- 43 + =0; 
y dy % dy” 1 9 
whence, integrating 
ay tips tt eS 
eee a eg 
that is, 
ia a fek It (7 +3\8 
ea er 123) EE 
= e—3Y (745) SD (5) 
y—3.y+3 — y-—3 


SUEDIEI y 
(y -37 
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Hence, the general value of z is 


_R(Y—2\tf I 
lcs! i a) aa i 


the constants of integration being K and y, or, what is the same thing, 


e- (EP oon Rena 


the corresponding value of Q being 


Q=HF-DOF-95F. 


which contains the single arbitrary constant a when this vanishes, we have the fore- 


going particular solution Q= y. 


I recall that the expression of y is 
y=V(5428), =,/{5+2 (a+ 2h, = ga Vle + a (1+ 20), 


where a is connected with Æ by the relation 


i Ca) 
7 ia Sar 
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